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Introduction

Regular and backward continued fractions

Each x € [0,1] can be written as a regular continued fraction given by

1

X =

al(x) +
as(x) +
33(X) +
We have a,(x) = go 71,
where 7(x) = {1/x} =1/x — |1/x]| and g(x)
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7 has an ergodic invariant probability measure m which is equivalent to
the Lebesgue measure .
We have [ gdm = [ gd\ = cc.
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Introduction

Regular and backward continued fractions

@ By Aaronson’s theorem we can not get a strong law of large
numbers for (a,).

@ Aaronson’s theorem says the following:
Let (X, B, u, T) be an ergodic, probability measure preserving
dynamical system, let f : X — R such that [ |f|du = oo and define
Saf ==Y 4_, fo Tk=1 then we have for any positive valued
sequence (d,) and a.e. x € X that

nf , nf
lim sup [5F ()1 =00 or limsup [Saf ()] =0. (1)
n—oo dn n— 00 dn
e Since [ gdm = oo, we are in the situation of (1).
o However, by [?] we obtain for a.e. x € X that
[ 2ok=1 (X) —maxicecnan(x) 1
n— o0 n|0gn |0g2
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Introduction

Regular and backward continued fractions
Let's look at a related continued fraction expansion:

e Each x € (0,1) can be written as
1

x=1-—

a(x) —
C2(X) —

c3(x) —
@ This continued fraction expansion is called backward or Rényi type
continued fraction, see [?].

e We have ¢,(x) = (ho ng;)(x)
where h(x) = {ﬁJ +1and Tger = {11} with {x} = x — |x].
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Can we say something about Y, _; ck(x)?
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Introduction

Regular and backward continued fractions

Comparing the two continued fraction transformations with each other:
Why are the second ones called "backward” continued fractions?
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Introduction

Regular and backward continued fractions

The backward continued fractions:
Y0 = L] 1

X
0.2 04 0.6 08 1

We are in a particular situation, we have
° 4([0,1]) = oo,
o [hdu= oo,
o let £=[1/2,1], then u(E) =1, but still [, hdu = cc.
Can we say something in general in this situation?
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Introduction
Some literature review

o Let (X,B,u, T) be a probability measure preserving dynamical
system and let f ¢ £1(u).
Then there are a number of results using trimming, i.e. removing the
(or a number of) maximal entries to obtain a strong law, see e.g. [?],
[?71. 171, [?]. [?], [?] for results in the dynamicals systems context.
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Introduction

Some literature review

o Let (X,B,u, T) be a conservative, infinite o-finite measure
preserving dynamical system and let f € £(p).
Then by the second part of Aaronson’s theorem we obtain for any
positive valued sequence (d,) and a.e. x € X that
|Snf (X))

: B : |5nf ()]
limsup ———— =0 or limsup —————
n—oo n n— o0 n

=0.

@ Adding additional summands can help:
[?] gives conditions on the system (X, B, i, T) with p infinite such
that there exists a sequence of positive numbers (d,) such that for
all non-negative f € £1(u) and a.e. x € X we have

. Sngmvx f(x)
NlinooT - / Fdp.

(We will have a look at the precise definition of m in the following.)
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Introduction

Some literature review

An example of the last statement:
e Let T:[0,1] — [0, 1] be the Farey map

2= if 0,1/2
Ty = e
= ifxe[1/2,1].
o It preserves the infinite invariant measure du(x) = Xlogzdx

e Setting E =[1/2,1], then u(E) =1, we denote by ¢, the first
return time

. E—N, @ (x):=min{k>1: TKx) € E}.

@ The first return time is finite for p-a.e. x € E, so we define the
induced map

T.:E—E by T.(x):=T%™(x)
(an ergodic measure-preserving transformation of the probability
space (E, Blg, it)).
o g o TE2(x) gives the kth continued fraction entry of x.
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Introduction
Some literature review

@ We denote the longest excursion out of E beginning in the first
N-steps (defined for p-a.e. x € X) by

m(N,E,x):=1+max{k>1:30€{1,...,N+1}
st. T"(x)¢ E,Vj=0,....,k—1}.

o Let's look at an example: in red: k: TK(x) € E

[} [ ] [ ) [ ] [ ] [ ] [ ] [}
0 N
o Let's look at an example: in red: k: TX(x) € E
[} [ ] [ ) [ ] [ ] [ ] [ ] [ ] [} [} [ ]
0 N
o Let's look at an example: in red: k: T*(x) € E
[} [ ] L) [ ] [ ] [ ] [ ] [ ] [} [} [ ]
0 N
m(N,E,x) =4
o Let's look at another example: in red: k: T*(x) € E
[ ] [ ] L) [ ] [ ] [ ] [ ] [ ] [} [ ]

.
0 ‘ N
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Introduction
Some literature review

@ We denote the longest excursion out of E beginning in the first
N-steps (defined for p-a.e. x € X) by

m(N,E;x) :=1+max{k>1:3¢e{l,...,N+1}
st. T"(x) ¢ E,Vj=0,....k—1}.

o Let's look at an example: in red: k: TX(x) € E
L] [ ] [ ] [ ] [ ] [ ] [ ]

o
0 N

13/23



Strong limit theorems for infinite measure-preserving dynamical systems with applications to non-standard continued fractions

Introduction
Some literature review

@ We denote the longest excursion out of E beginning in the first
N-steps (defined for p-a.e. x € X) by

m(N,E;x) :=1+max{k>1:3¢e{l,...,N+1}
st. T"(x) ¢ E,Vj=0,....k—1}.

o Let's look at an example: in red: k: TX(x) € E
L] [ ] [ ] [ ] [ ] [ ] [ ]

o
0 N

14 /23



Strong limit theorems for infinite measure-preserving dynamical systems with applications to non-standard continued fractions

Introduction

Some literature review

@ We denote the longest excursion out of E beginning in the first
N-steps (defined for u-a.e. x € X) by

m(N,E,x):=1+max{k>1:3¢e{l,... ., N+ 1}
st. T"H(x) ¢ E,Vj=0,....,k—1}.

o Let's look at an example: in red: k: TK(x) € E

[ [ ] L] (] [ ] [ ] [ [ ] [ ] [ ] [ ]
0 N
m(N,E,x) =4
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Introduction

Some literature review

@ We denote the longest excursion out of E beginning in the first
N-steps (defined for u-a.e. x € X) by

m(N,E,x):=1+max{k>1:3¢e{l,... ., N+ 1}
st. T"H(x) ¢ E,Vj=0,....,k—1}.

o Let's look at another example: in red: k: T*(x) € E
[ [ ] L] (] [ ] [ ] [ [ ] [ ]
0 ’ N

m(N,E,x) =5
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Introduction

Some literature review

@ We denote the longest excursion out of E beginning in the first
N-steps (defined for p-a.e. x € X) by

m(N,E;x) :=1+max{k>1:3¢e{l,...,N+1}
st. T"(x)¢ E,Vj=0,....,k—1}.

For the Farey map T and f € £(u), we have for p-a.e. x € X

. SN+m(N E x)f log N
| p— = [ fdu.
Nl—r>noo Nlog?2 / a

Similar statements hold for other infinite measure preserving maps.

17 /23



Strong limit theorems for infinite measure-preserving dynamical systems with applications to non-standard continued fractions

Introduction
Some literature review

Back to the literature review:

o If (X,B,u, T) is a conservative, infinite o-finite measure preserving
dynamical system, and f ¢ £!(11), then a strong law of large
numbers might be possible:

The easiest case would be f = C, then for every x € X:
Snf(x)

lim 2M 2
NE)noo N ¢

[?] and [?] give conditions for a strong law of large numbers for more
interesting observables than f = C and also other norming
sequences than (dy) = (N).

@ However, in all cases cosidering an infinite measure, we always
assume that [ |f]du < oo if u(E) < oo.

@ Aim for today: Let’s put some light on the case 1(X) = co and
there exists £ with j(E) < oo and [ fdpu = oo.
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Statement of results
Statements of results for special continued fractions

Remember the backward continued fraction transformation:

1
x=1- 1
a(x) —

Qx) =

We have for a.e. x € [0, 1] that
1 N+m(N,E,x)

Nlin<>O N J:Zl ¢j(x)—max {2 m(N, E, x), ISkSan%N,E,X) ck(x)} =3,
see [?].
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Statement of results

Statements of results for special continued fractions

Another continued fraction expansion: Even continued fractions:

x= : , )

2 (x) + a

€
2hy + 2

2h3(X) +

where hj € N and ¢; € {—1,1}.
We have for a.e. x € [0,1]

1 N+m(N,E,x)
Jim ; 2h;(x) — max {m(N, E,x),1<k<Nn;1Ler)n>EN’E’X)2hk(x)} =3,
see [?].
A similar statement could be made for the odd-odd continued fraction
expansion.
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Statement of results
Statements of results for special continued fractions

Further (related) statements: Let (c,) again be the digits of the
backward continued fraction expansion.
o Let g: N — R such that g(n) = o(n) and g(1) = K.
Then we have for a.e. x € [0, 1]

1<k<N

fim (Zg(q(x>)— max g(ck(x))> ~ K.

o If additionally g(n) < n/(loglog n)" with u > 1, we have for a.e.
x €1[0,1]

o If on the other hand g(n) 2 n, then one might need to deduce more
than only the largest entry and divide by another norming sequence
than N.
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Statement of results

Statement of general results

The main theorem:

Let (X, B, pu, T) be an ergodic, conservative, o-finite system with

u(X) =00 and p(E) = 1.

Let g : X = R>( be a measurable observable and let P, be the partition
of E induced by T.. We assume that:

(i) We assume that for any sequence (¢n)nen piecewise constant on P,
the sequence (¢, o TE”’l)nzl is fast enough t-mixing.

(ii) Let Asp:={x€ E : p.(x) > n}
(A=) does not grow too fast, e.g. p(Asn) = 1/n would work.

(iii) There exists a constant x > 0 such that p(g > n) ~ Ku(Asn).
(iv) The function g is locally constant on P, and g ¢ L1(E, p).
(v) There exists ¢ € R such that g = c on X\E.

Then, for p-a.e. x € X we have

m SN-m(N,E,x)8(X) — Maxi<k<nim(n,Ex) (8 0 T 1)(x) — e m(N, E, x)
N— oo N
= C+ K.
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Statement of results

Statement of general results

Corrollary:

If additionally to the conditions of the previous theorem we have for
M, N € N that

n({g > Nyn{p, > M}) =< u(g > N)u(p, > M),

then for y-a.e. x € X

m S+ m(N,Ex)&(X) — max {maxy <x<nim(n,.) (& © T 1)(x),cm(N, E, x)]
N— oo N

= C+ K.
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Further questions

Outlook:

Is the current theorem applicable for further continued fraction
classes?

In terms of the infinite measure set, so far we only cover some cases
where the return time sets are regularly varying with index 1, a
generalization for broader classes of infinity are needed.

So far the results heavily rely on the i-mixing property, weakening
this assumption might only be possible if we increase m(N, E, x)
(add more digits).

A special class are a-continued fractions with a € (0,1/2).
Probably, the i-mixing condition does not hold for them.

It would also be interested to look at random dynamics, e.g. using
the regular and the backward cf transformation randomly.
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