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systems:

� Powers of rationals modulo 1 and rational base number
systems,
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The base 3
2 numeration system — the Euclidean approach

U =
{
ui =

1
2

(
3
2

)i ∣∣∣ i ∈ N

}
together with A3 = {0, 1, 2}

Modified division algorithm 5 ∈ N
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2
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2
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These labels give the radix order in L 3
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Meta theorem

The T p
q

are characterised by their periodic signature.



Signature of a tree

Definition
Signature of an ordered tree T =

sequence of the degrees of the nodes
in the breadth-first traversal of T
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Labelled signature of a labelled tree

Arcs of T labelled in an ordered alphabet A

Definition
Labelled signature of an ordered tree T =

signature of T +
sequence of the labels of the arcs

in the breadth-first traversal of T

labelled signature (s,λ)
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p, q coprime integers p > q � 1

A purely periodic signature
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Christoffel rhythm r p
q

p, q coprime integers p > q � 1

r Christoffel rhythm if path(r) Christoffel word

path(r) Christoffel word if no integer point between path(r) and slope

slope:53
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�
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3
= (2, 2, 1)



Signature of T p
q

p, q coprime integers, p > q � 1

Theorem
The signature of T p

q
is purely periodic of period r p

q
.
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Rhythm and labelling

p, q coprime integers p > q � 1 A ordered alphabet

A purely periodic labelled signature

(s,λ) = (rω,γω)

r rhythm of dir. par. (q, p) γ = (γ0, γ1, . . . , γp−1) γi ∈ A

Definition
r = (r0, r1, . . . , rq−1)

γ = u0 u1 · · · uq−1 factorisation induced by r |ui | = ri

γ consistent with r every ui increasing word
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Christoffel labelling

p, q coprime integers p > q � 1 alphabet: {0, 1, . . . , p−1}

Definition

γ p
q

=
(
0, (q%p), (2q%p), . . . , ((p−1)q%p)

)
.



Christoffel labelling

p, q coprime integers p > q � 1 alphabet: {0, 1, . . . , p−1}

Definition

γ p
q

=
(
0, (q%p), (2q%p), . . . , ((p−1)q%p)

)
.

Proposition

γ p
q

is consistent with r p
q



Signature of T p
q

p, q coprime integers, p > q � 1

Theorem
The labelled signature of T p

q
is purely periodic of period (r p

q
,γ p

q
) .



The tree Tr

p, q coprime integers p > q � 1

r rhythm of directing parameter (q, p) γr special labelling

Definition
Tr labelled tree with labelled signature (rω,γω

r )

Theorem
Lr is the representation of integers in base p

q
with non-canonical set of digits.

Corollary

L p
q

is the image of Lr by

a finite letter-to-letter sequential right transducer.



Rhythm of directing parameters (2, 3)

Two possibilities

slope:32
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y

y
x

y
x

r = (2, 1)
slope:32

slope:1

y

y

y
x x

r 5
3
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III

A property still missing a proper name
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Another rabbit from the hat
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Proposition

The w−
n are all distinct words of {0, 1}ω .



Minimal words in T 3
2

Problem
What is the relation between the w−

n ?



Minimal words in T 3
2

Problem
What is the relation between the w−

n ?

Conjecture

For every n there exists a finite transducer
that takes w−

n as input and outputs w−
n+1 .
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Theorem
∀n ∈ N D 3

2
(w−

n ) = w−
n+1
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