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Cantor real numeration systems

B = (βk)k≥1 with βk > 1, such that lim
k→∞

∏k
i=1 βi = +∞

The greedy representation of x ∈ [0, 1) in the system B is

the lexicographically greatest sequence d(B, x) = x1x2x3 · · · such that

x =
∑
k≥1

xk
β1β2 · · ·βk

, xk ∈ N.

Classic: βk = β ∈ N

Cantor: βk ∈ N

Rényi: βk = β ∈ R

C&D, C&C : βk ∈ R alternate base: B = (β1, . . . , βp) purely periodic
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Admissibility

d(B, 1) = t1t2 · · · lexicographically greatest such that

1 =
∑
k≥1

tk
β1β2···βk , tk ∈ N.

d∗(B, 1) = t∗1 t
∗
2 · · · lexicographically greatest such that

1 =
∑
k≥1

t∗k
β1β2···βk , t∗k ∈ N,

∑
k≥1 t

∗
k = +∞.

We have d∗(B, 1) = lim
x→1−

d(B, x).
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Admissibility

Description of

DB =
{
d(B, x) : x ∈ [0, 1)

}

Theorem (Parry 1960, Charlier & Cisternino 2021)

An integer sequence x = (xk)k≥1 ∈ DB if and only if for all i ∈ N

0ω �lex σi (x) ≺lex d∗(σi (B), 1).

shift map σ: σ(x1x2x3 · · · ) = x2x3x4 · · ·
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β-shift in Rényi system, B = (β)k≥1 constant

β-shift Sβ = Dβ

Theorem (Bertrand-Mathis 1986)

β-shift is so�c i� d(β, 1) is eventually periodic.

Such β is called a Parry number.

Pisot numbers ⊂ Parry numbers ⊂ Perron numbers

Perron: dominant eigenvalue of a non-negative irreducible integer matrix

Pisot: algebraic integer > 1 with conjugates in the unit circle
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Alternate bases B = (β1, . . . , βp)

B-shift ΣB =
⋃p−1

i=0 Dσi (B)

Theorem (Charlier & Cisternino 2021)

B-shift is so�c i� B is a Parry alternate base,

i.e. d(σi (B), 1) is eventually periodic for all i ∈ {0, 1, . . . , p − 1}.

Theorem (Charlier,Cisternino,M.,P. 2022)

If B is a Parry alternate base, then δ =
∏p

i=1 βi is an algebraic integer and

βi ∈ Q(δ).

If δ is Pisot and βi ∈ Q(δ), then B is a Parry alternate base.
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Arithmetics on β-expansions: �niteness property
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Finiteness and positive �niteness

Finite representation: �nitely many non-zeros

B = (β): Fin(B) =
⋃

k∈N

{
βkx : |x | ∈ [0, 1), d(B, |x |) is �nite

}
Alternate base B = (β1, . . . , βp), δ =

∏p
i=1 βi

Fin(B) =
⋃
k∈N

{
δkx : |x | ∈ [0, 1), d(B, |x |) is �nite

}

Property F:

Fin(B) is closed under addition.

Property PF:

Fin(B) is closed under addition of positive elements.
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Necessary conditions for F if p = 1

Theorem (Frougny & Solomyak 1992)

Let β > 1 satisfy PF. Then

β is a Pisot number;

β has no conjugate in (0, 1).

If, moreover, β has F, then d(β, 1) is �nite.
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Classes of bases with PF and F for p = 1

Theorem (Frougny & Solomyak 1992)

Let β > 1 and d(β, 1) = t1t2t3 · · · .
If t1 ≥ t2 ≥ t3 ≥ · · · , then β satis�es PF.

If moreover d(β, 1) is �nite, then β satis�es F.

Other classes of bases with F (Hollander, Akiyama, . . . )

Theorem (Akiyama 2006)

Let β > 1 not satisfy F, denote d(β, 1) = t1t2t3 · · · .

If β satis�es PF, then t1 ≥ t2 ≥ t3 ≥ · · · .
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Necessary conditions for F if p > 1

Alternate base B = (β1, . . . , βp), δ =
∏p

i=1 βi

Let B satisfy F or PF, then σi (B) satis�es F or PF, respectively.

Theorem (M., P., Studenièová 2023)

Let B satisfy PF. Then

δ is a Pisot or a Salem number;

βi ∈ Q(δ) for all i ;

(ψ(β1), . . . , ψ(βp)) is not positive for any non-identical embedding

ψ : Q(δ) ↪→ C.

If, moreover, B has F, then d(σi (B), 1) is �nite for all i .
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Classes of bases with PF and F for p > 1

Theorem (M., P., Studenièová)

Let d(σ`(B), 1) = t
(`)
1 t

(`)
2 t

(`)
3 · · · satisfy

t
(`)
1 ≥ t

(`−1)
2 ≥ t

(`−2)
3 ≥ · · · for every ` ∈ {0, 1, . . . , p − 1}.

Then B is a Parry alternate base and has PF.

Moreover, if d(σ`(B), 1) are �nite then B has F.

d(B, 1) = a1a2 · · · , d(σ(B), 1) = b1b2 · · · , d(σ2(B), 1) = c1c2 · · ·

a1 ≥ c2 ≥ b3 ≥ a4 ≥ c5 ≥ b6 ≥ · · ·

b1 ≥ a2 ≥ c3 ≥ b4 ≥ a5 ≥ c6 ≥ · · ·

c1 ≥ b2 ≥ a3 ≥ c4 ≥ b5 ≥ a6 ≥ · · ·
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Arithmetics: Periodicity

Alternate base B = (β1, . . . , βp), δ =
∏p

i=1 βi

Per(B) =
⋃
k∈N

{
δkx : |x | ∈ [0, 1), d(B, |x |) is eventually periodic

}

Per(B) ⊂ Q(β1, . . . , βp). How about opposite inclusion?
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Periodicity for p = 1

Theorem (Schmidt 1980)

Let β > 1.

1 If Q ⊂ Per(β), then β is either a Pisot or a Salem number.

2 If β is a Pisot number, then Per(β) = Q(β).
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Periodicity for p > 1

Theorem (Charlier, Cisternino & Kreczman 2022)

Let B = (β1, β2, . . . , βp) be an alternate base, δ =
∏p

j=1 βj .

1 If Q ⊂ Per(σj(B)) for all j ∈ N, then δ is either a Pisot or a Salem

number and βi ∈ Q(δ) for all i ∈ N.

2 If δ is a Pisot number and βi ∈ Q(δ) for all i ∈ N, then

Q(δ) = Per(σj(B)) for all j ∈ N.
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Rationals with purely periodic expansion

Schmidt: For β root of x2 − ax − 1, a ≥ 1, every rational in [0, 1) has

purely periodic β-expansion.

d(τ, 1
2

) = (010)ω

Hama & Imahashi: For β root of x2 − ax + 1, a ≥ 3, no rational in [0, 1)
has purely periodic β-expansion.

d(τ2, 1
2

) = 1(020)ω

Question: For which B

γ(B) = sup
{
ν : ∀ x ∈ [0, ν) ∩Q, d(B, x) purely periodic

}
> 0?
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Rationals with purely periodic expansion for p = 1

Necessary condition: γ(B) > 0 =⇒ β Pisot unit

Theorem (Akiyama 1998)

If β is a Pisot unit with F, then γ(B) > 0.

Conjecture

If γ(B) > 0, then β is a Pisot unit with F.

Holds for

β quadratic (Schmidt 1980, Hama & Imahashi 1997)

β cubic (Adamczewski, Frougny, Siegel & Steiner 2010)
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Rationals with purely periodic expansion for p > 1

Let B = (β1, . . . , βp) and δ =
∏p

i=1 βi .

Theorem (M. & P.)

If B satis�es F and δ is a Pisot unit, then γ(B) > 0.
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Redundant alphabets

Avizienis 1961: parallel addition

t, r - �xed and zj = Φ(xj−t +yj−t , . . . , xj +yj , . . . , xj+r +yj+r )

Parhami 1993: base b ∈ N, digit set
A = {−1, 0, . . . , b − 1} or A = {0, . . . , b − 1, b}

Frougny 1999: base m
√
b, b,m ∈ N

Frougny, P. & Svobodová 2011, 2013, 2014: characterization of β ∈ C
allowing parallel addition and the minimal size of A
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t, r - �xed and zj = Φ(xj−t +yj−t , . . . , xj +yj , . . . , xj+r +yj+r )

Parhami 1993: base b ∈ N, digit set
A = {−1, 0, . . . , b − 1} or A = {0, . . . , b − 1, b}
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Redundant alphabets

Trivedi & Ercegovac 1977: on-line multiplication and division

�xed delay δ ∈ N and pn = Φ(x1, y1, . . . , xn+δ, yn+δ)

Frougny & Surarerks 2003: on-line multiplication for the bases: real β > 1,

−b and i
√
b with b ∈ N

Pavelka, Frougny, P. & Svobodová 2019: multiplication and division for

β ∈ C allowing parallel addition
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